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589. 


ON RESIDUATION IN REGARD TO A CUBIC CURVE. 


[From the Messenger of Mathematics, vol. 1. (1874), pp. 62—65.] 


THE following investigation of Prof. Sylvester’s theory of Residuation may be 
compared with that given in Salmon’s Higher Plane Curves, 2nd Edition (1873), pp. - 
133—137 : 


If the intersections of a cubic curve U, with any other curve Va are divided in 
any manner into two systems of points, then each of these systems is said to be the 
residue of the other; and, in like manner, if starting with a given system of points 
on a cubic curve we draw through them a curve of any order V,, then the remaining 
intersections of this curve with the cubic constitute a residue of the original system of 
points. 


If the number of points in the original system is =3p, then the number of 
points in the residual system is =3q; and if we again take the residue, and so on 
indefinitely, the number of points in each residue will be =0 (Mod. 3); viz. we can 
never in this way arrive at a single point. But if the number of points in the original 
system be 3p+1, then that in the residual system will be 3qg41; and we may in 
an infinity of different ways arrive at a residue consisting of a single point; or say 
at a “residual point,” viz. after an odd number of steps if the original number of 
points is =3p—1, but after an’even number of steps if the original number of points 
is =3p+1. But starting from a given system of points on a given cubic curve, the 
residual point, however it is arrived at, will be one and the same point; this is 
Prof. Sylvester's theorem of the residuation of a cubic curve. For instance, starting 
with two given points on the cubic curve, the line joining these meets the curve in 
a third point, which is the residual point; any other process leading to a residual 
point must lead to the same point. Thus if through the 2 points we draw a conic, 
meeting the cubic besides in 4 points; through these a conic meeting the cubic besides 
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in 2 points; and through this a line meeting the cubic besides in 1 point; this 
will be the before-mentioned residual point. 
The general proof is such as in the following example: 


Take on the cubic U, a system of 3«—2 points, say the points a: through these 
a curve V}, besides meeting the cubic in 3k—3«+2 points 8: and through these a 
curve Px}, besides meeting the cubic in a point ©. And again through the 3«—2 
points a a curve Wy, besides meeting the cubic in 3%’ — 3«+ 2 points 8’: and through 
these a curve Qy-,i:, besides meeting the cubic in a single point; this will be the 


point C. 


‘The proof consists in showing that we have a curve A;,y-,-. such that 
Atte- Us = Qe- Ve + Pret We. 

For this observe that 
Qr-x+ı meets Wy in 3k’— 3x +2 points 8’ and besides in k?—k'(«+2)+3«-—2 points ¢’; 
Pr-x+ı meets V, in 3k—3«+2 points 8 and besides in k?—k(«+2)+3«—2 points e; 
Preis Qe- Meet in (k— e+ 1)(k'— x+ 1) points C; 
Vi, Wy meet in 3x — 2 points a and kk’ — 3x +2 points a; 
Quii Vr and Pik Wy meet in 


kk —k(e—1)— k («—1)+ («—1) points C 


3k' -+2 , R 

k? —k'(e+2)+38«—2 E a 
3k —3«+2 die ial 

k? —k(« +2) +3x«—2 a € 
kk’ —3«+2 et 
38x —2 M a 


(k+kh’P —(2e —2)(k +h’) +(«-—1) - 
= (k+k’—« +1) points, 


Every (k+k’—«+1)thic through 
4(k+k —«4+1)(k+h’-«4+4)-1 
of these points passes through all. 
Now A t plo may be drawn to pass through 
b(k+k'’—n—2)(k+kh' —« +1) 


of the points a. 


www.rcin.org.pl 


589 | ON RESIDUATION IN REGARD TO A CUBIC CURVE. 213 
Hence Aziz. U; is a (k +k’ —«+1)thic through 
4(k+k —r—2)(k+k — e +1) 
=$(k+hP—4$(2e4+1) (K+) +3 (+ —2) points. a 


38x —2 a og 
8k — 3x = 2 » B 
8k! Se ee 


= $ (k+ KY ++ (k+ k) (— 2r +5) + (« — 1) («+ 4) — 2} 
=4(k+kh—«4+1)(k+k —«K4+4)-1 
of the points in question; and therefore through all. Whence 
Atyre- Us = Qe eta Vi + Pret We 
Also U, meets Qy-.i1 Vr in 3 (hk +h’—« +1) of the (k+k’—« +1) points, viz. these 


are 
3x — 2 points a, 
3k -3k+2 , 28, 
3k- 3r+2 , K, 
1 » O, 
and Are- Meets Qy.i, Vg in (k+ kK -re 2) (k +k —« +1), 
that is, in 
(k+kY+(k+k)(—2r—-1)+et+e-2 
of the 


(k +k — e +1) points, 


viz. these are 
kk è +(k+k)(— r+1)+e-— 2x points C 


k? —k’(« +2) +3e-2 , C 
ke —k (r +2) +3e-2 , € 
kk’ —3e+2 , a 


(k+kyP+(k+k)(—2e-1)+4°+ «—2 points. 


Hence U, passes through 1 of the points C, that is, through an intersection of Qy—x4: 
and Px}, that is, Qy- and Pk—x+ı intersect U, in a common point CO; which was 
the theorem to be proved. 


In the particular case 3x—2=10, k=k’=4, the theorem is, given on a cubic 
10 points, if through these we draw a quartic meeting the cubic besides in 2 points; 
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and through these a line meeting the cubic besides in a point C; then this is a 
fixed point, independent of the particular quartic. And the proof is as follows: we have 

U a cubic through 10 points a; 

V a quartic through the 10 points, and besides meeting the cubic in 2 points £; 

W a quartic through the 10 points, and besides meeting the cubic in 2 points 8’; 

P the line joining the two points 8, and besides meeting V in two points e; 

Q the line joining the two points 8’, and besides meeting W in two points e; 
P, Q meet in the point C; | 

U, V meet in the 10 points a, and besides in 6 points a; 

A a conic through 5 of the points a. 

Then quintics QV, PW meet in the 10 points a,2 points 8, 2 points e, 2 points £, 
2 points e, 6 points a and 1 point ©. Every quintic through 19 of these passes 


through the 25. But we have AU, a quintic through 5 points a, and the 10 points a, 
2 points 8 and 2 points ~’; hence AU passes through all the remaining points, or we 


have 


AU=QV+PW, 
P passes through 8, B,c«,€, @, 
Q » Be Ba Face 4 G 
V S e3:@ nB es 6 points a, 10 points a, 
WwW “ Sa Ne ae 6 points a, 10 points a, 
A i re eee dog oe 6 points a, 
U » 8,8, 8, Rh ©, 


or, what is the same thing, 


A, P intersect in e E; 


A,Q A E 

Fe tp e, €,- 6 points a, 
A, W Ps e, ¢, 6 points a 
A SRS a T Gs 

U,Q » B’, B, ©, 

U, V i B, B, 10 points a, 
U, W A B’, B’, 10 points a. 


In particular U, P, Q intersect in the point C; that is, C as given by the inter- 
section of U by the line P; and as given by the intersection of U by the line Q; 


is one and the same point. 
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